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ABSTRACT: In this piece of writing, we show that Weyl’s theorem and property (@)
holds for algebraically Q(A(k”),m) operator.
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1. INTRODUCTION AND PRELIMINARIES

Let H be an infinite dimensional Hilbert space L(H) and denote the algebra of all

bounded linear operator acting on H . Class A(k) and absolute k -paranormal operator are

studied detaille in [ 8 ]. Further as a generalization of Class A(k), class A(k") operator
with k> 0 were studied in[6].
DEFINITION 1.1

Let k> 0 and m be a non negative integer. An operator JeL(H) issaidtobean m -

quasi class Ak") operator (abbreviate asQ(A(k"),m)) if

1
It fiam gl am

Lemmal2.[9]

Let O<k<l and k be a non negative integer. If JeQ(A(k’),m operator and
(J —p)x=0with z #0 ,then (J —u) x=0.

Lemma 1.3

LetJ be invertible and quasi nilpotent algebraically Q(A(k™),m) operator. Then J is
nilpotent.

Proof: Suppose that p(J) is Q(A(k"),m) operator for some non-constant polynomial

p. Since a(p(Jd))=p (c(J)) , the operator p(J)— p(0) is quasi-nilpotent, from

Lemma 1.2 we have CIJ"(J=4)(J—=A) ccvesrns (J-4,)=pQ) - p(0) =0where

m>1.since J — 4, isinvertible forevery 4 #0 andso J" =0.
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Lemma 1.4

Let J be an algebraically Q(A(k"),m) operator. Then J is isoloid.
Proof: Let Aeiso(o(J)) and let E, :gim'.[am(z —J)™"dZ be the associated Riesz

idempotent, where D, is a closed disc centered at A which contains no other point of
: J, 0

o (J). We can represent J as the direct sum,J = 0 3 whereo (J;) =4 and
2

c(J,)=0c(J)\ASince J s algebraically Q(A(k"),m) operator p(J) is a
Q(A(k™),m) operator for some non-constant polynomial p . Since o (J,) = 4, we must
have o (p(J,)) = p (6(3,)) = p(4A) . Therefore p(J,) = p (1) is quasi-nilpotent.

Since p(J,) is Q(A(k"),m)operator, it follows from Lemma 1.2, that
p(J))=p()=0. Put q(z)=p(z)-p(4).Thenq(J,)=0 and hencel, is
algebraically Q(A(k"),m) operator. Since J, — A is quasi-nilpotent and algebraically
Q(A(k"),m) operator, it follows from Lemma 1.3, then J, — A is nilpotent. Therefore
Aery(J,) and hence A ez, (J,) . This prove that J is isoloid.

Lemma 1.5

Let J be an algebraically Q(A(k™),m) operator. Then J is polaroid.

Theorem 1.6. [9]

Let J belongstothe Q(A(k’),m) operator. Then J is of finite ascent.

Corollary 1.7. [9]

Let J belongstothe Q(A(k’),m) operator. Then J has SVEP.

Theorem 1.8

Let J be an algebraically Q(A(k"),m) operator. Then J has SVEP.

Proof: First we show that if J is Q(A(k"),m) operator, then J has SVEP. Suppose
that J is Q(A(k"),m) operator. If z,(J)=¢ ,then clearly Jhas SVEP. Suppose that
7,(I)=d , Let AQQ)=Aern,(J):N{J -A)c N(J"-2) .SinceJisQ(A(K"),m)
operatorand 7,(J)#¢ , A(J)#¢ . Let M be the closed linear span of the subspaces

N —A) with 2€A(J) .Then M reduces Jand we can write J as J, ©J, on
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H=M ®M~ . Clearly J, is normal and z,(J,)=¢ . SinceJ, andJ, have both
SVEP, J has SVEP. Suppose that J is algebraically Q(A(k"),m) operator. Then
p(J) is Q(A(k’),m) operator for some non constant polynomial p. Since p(J) has
SVEP, it follows from [ 12 ,Theorem 3.3.9] that J has SVEP.
2. WEYL'S THEOREM FOR ALGEBRAICALLY Q(A(k),m) OPERATORS
Theorem 2.1.Let J be an algebraically Q(A(k),m) operator. Then Weyl's theorem

holds for J .
Proof: Suppose that 2 € o (J)\w(J). Then J -4 is Weyl and not invertible, we claim

that A e€do(J) . Assume thatA is an interior point of o(J) . Then there exist a
neighbourhood U of A,such that dim N(J — ) >0 for all xeu . It follows from
[7,Theorem 10] that J does not have single valued extension property[SVEP]. On the
other hand, since p (J) is Q(A(k"),m) operator for some non constant polynomial p ,

it follows from Corollary 1.7. That J has SVEP. It is a contradiction, Therefore

Aeo(@)\w(J) and it follows from the punctured neighbourhood theorem that
Aemy(J) .

Conversely  suppose that Aex,(J).Using the Riesz idempotent

1 . J, 0
E, = —j (Z-J)"dZ for A , we can represent J as the direct sum J =|
27 JoD2 0 J,

where o (J)=A4 and o (J,)=c (I)\1.
Now we consider two cases
case(i) 4=0

Then J, is algebraically Q(A(k"),m) operator and quasi nilpotent. It follows
from Lemma 1.3, that J, is nilpotent. We claim that dim R(E) <. For if N(J,)is
infinite dimensional, then 0 does not belongs to z,, (J). It is contradiction. Therefore J,
IS an operator on the finite dimensional space R(E) . So it follows that J, is Weyl. But

since J, isinvertible, we can conclude that J is Weyl. therefore 0 e o (J) \ w(J) .

case(ii)
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A#0.Then by Lemma 1.4, J, —A4 is nilpotent. Since A € 7., (J) , J, —4 is an operator

on the finite dimensional space R(E) . So J, —4 is Weyl. Since J, —4 is invertible
J -1 is Weyl.
By case(i) and case(ii) , Weyl's theorem holds for J.

This complete the proof.
Theorem 2.2

Let J be an algebraically Q(A(k"),m) operator. Then Weyl's theorem holds for f(J)

forevery feH(ac(J)).

Proof: Let feH(o(J)).Sincew(f(J)) < f(w(J)), it suffices to show that

f(w(J)) cw(f(J)) .Suppose A ¢w(f(J)), then f(J)—- A1 isWeyland
fA)—A1=CU-) (=) reerene. Q225 Yo 101)) (N

where C,a,a, ... a,€Cand g(J) is invertible. Since the operators in the right side

(1) commute, every J — a; is fredholm. Since J is algebraically Q(A(k”),m) operator.

J has SVEP by Lemma 1.7. It follows from [1,Theorem 2.6] that ind (J — ¢;)<0 for

each i=1,2,3,.....n. Therefore A1 ¢ f(w(J)) and hence f(w(J))cw(f(J)) .

Now by [13], that is J is isoloid, then f(c(JI)\7zy (3))=0c(f(I))\ 7y (I) for
every feH(a@d)).

Since Jis isoloid by Lemma 1.4 and Weyl's theorem holds for J by Theorem 2.1
o(f(I)\7y, (3)) = fF(c(I)\ 7y, (I))= f(W(I))=w(f(J)) which implies that Weyl's
theorem holds for f (J) . This complete the proof.

Theorem 2.3

Let J be an algebraically Q(A(k"),m) operator. Then generalized Weyl's theorem holds
for J.

Proof: Assume that Aeo(J)\og,(J) . Then J—-A41 is B- Weyl and not invertible. We
claim that A€ do(J) . Assume to the contrary that A is an interior point of o (J).
Then there exists a neighbor hood U of 4 such that dim(J — ) >0 forall ue U . It
follows from [7, Theorem 10] that J doesnot have SVEP. On the other hand since p (J)
is Q(A(k”),m) operator for non-constant polynomial p. It follows from Corollary 1.7

that p(J) has SVEP. Hence by [12, Theorem 3.3.9] J has SVEP, a contradiction.
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Therefore A€ do(J). Conversely, assume that Ae E(J) ,then A isisolated in o(J) .
From [10, Theorem 7.1], we have X=M @N , where M, N are closed subspaces of X,
U=(J-Al)|, isan invertible operator and V =(A-Al)|, is a quasi - nilpotent operator.
Since J is algebraically Q(A(k’),m) operator, V is also algebraically Q(A(k"),m)
operator from Lemma 1.3, V is nilpotent. Therefore J-Al is Drazin invertible [5,
Proposition 19] and [ Corollary 2.2]. By [4 Lemma 4.1] J-Al isa B - fredholm

operator of index 0.
Theorem .2.4

Assume thatJor J° is algebraically Q(A(k’),m) . Then o, (f(3))="f (o, (J))for
every fe H (a(J))_
Proof: Let feH(o(J)). It suffices to that f(o,,(J)) co,(f(J)) for every

fe H(o(J)). Suppose thatA € o, (f(J)).Then

fA)—21=C-) (I =) rirrrene. J=,)9(3) . (N
where C,a;,a,,......... a,eC and g(J) isinvertible. If J is algebraically Q(A(K’),m)
operator, it follows from [1, Theorem 2.6] that i1(J—¢;)<0 for eachi =123,........ n.
Therefore A does not belongs to f (o, (J)),and hence o, (f(J))="f (c.,(J)). .

Suppose that J” is algebraically Q(A(k"),m) then J" is SVEP. Since
I(J—a;)<0 for each i=1,2,3...n. (J—¢;) is Weyl for each i = 1,2,3,....... n. Hence
Aef(o,(J)), andso o, (f(J))=f(c,(I))..

This complete the proof.
3. Property (@)

Definition 3.1
A  bounded operatorJeL(H) is said to satisfy propertw if

E, (3) =A* (3) =0, (Mo, ().

As observed in [3], we have either of a-Weyls theorem or property (@) for J =
Weyl’s theorem holds for J .

Lemma 3.2. [3]

Suppose that JeL(H) .

(i) If J7 has the SVEP then o () =0, (J).
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(ii) If J hasthe SVEP then o J)=0,Q).

Theorem 3.3.
Let JeL(H) .

(i) If 37 isalgebraically Q(A(k™),m) then property (@) holds for J.

(i) If J isalgebraically Q(A(k™),m) then property (@) holds for J".

Proof: (i) Since J~ is algebraically of Q(A(k”),m) ,then J~ isthe SVEP and J is
polaroid by Lemma 1.5 because J is polaroid if and only if J~ is polaroid. Consequently
c(J)=0,(J). If isoc(J)=4¢., then E,(J)=¢. . We show that o, (J)\GSF; (J) is
empty. By Lemma 3.2 we have o, (J) \ O (J)=0(3)\o,(J) and the last set is empty,
since o(J) has no isolated points. Therefore, J satisfies property (@).

Consider the other case, isoo(J) # ¢. Suppose that A€ E,(J). Then 1 is
isolated in o (J) and hence, by the polaroid condition, 4 is a pole of the resolvent of J
yie.a(d -A)=d(J—-A1) <o . By assumption « (J — 1)= <o , so by [2,Theorem 3.1]
L (J—A)=<w , and hence (J — A) is a Fredholm operator. Therefore, by Lemma 3.2
Aeo(@)\o,()=0,(I)\ O J) . Conversely, if
Aeo,(I)\ O (J)=0()\o,(J) then 21 is an isolated point of o (J) . Clearly,
O<a(J-4) <o ,s0AeE,;(J) andhence J satisfies property (@) .

(i) First note that since J has SVEP then
o, (J7)={1eC:J-Aisnotontc} = 5(J) = o(J"). Suppose first that isoc (J)=isoc(J”).
. Then E,(J7)=¢ . By Lemma 3.2 we have o, (J)\ O (J)=0)\o,(J)=¢ so
J” satisfies property (@) .

Suppose that isoc(J)#¢. ; and let 1eE,(J7). Then A is isolated in
c(J)=c(J7) , hence a pole of the resolvent of J” , since J~ is polaroid by Lemma 1.5.

By assumption a (3" — 71) <o and since the ascent and the descent of J" — 4 are

both finite it then follows by [2, Theorem 3.1 that «a (J - 1) =f(J-1) < © , sO
J" — A is Browder and hence also J—A Browder. Therefore, A e o(J)\o,(J) and by

Lemma 3.2 it then follows that A€ o, (J)\ o, (J) .
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Conversely, if Aeo,(J)\o, (J)=c(J)\o,(J), then 4 is an isolated point

of the spectrum of o (J)=o(J") . Hence J-A is Browder, or equivalently J™ — 4 is
Browder. Since «(J"-1) =B(J"=1)  we then have a (3" =1) >0 .Clearly,
a (3"~ ) <oo , since by assumption J"-4 o, (H) sothat e E,;(J") . Thus J°

satisfies property (o).
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